Abstract. We identify dglas that control infinitesimal deformations of the pairs (manifold, Higgs bundle) and of Hitchin pairs. As a consequence, we recover known descriptions of first order deformations and we refine known results on obstructions. Secondly we prove that the Hitchin map is induced by a natural L∞-morphism and, by standard facts about L∞-algebras, we obtain new conditions on obstructions to deform Hitchin pairs.
Introduction
The interest on Higgs bundles started twenty years ago with Nigel Hitchin and Carlos Simpson's studies. The rich structure of Higgs bundles manage they play a role in many different mathematical areas. A Higgs bundle on a complex manifold X is a pair (E, θ), where E is a holomorphic vector bundle on X and θ ∈ H 0 (X, End(E) ⊗ Ω 1 X ), such that θ ∧ θ = 0. A generalization of Higgs bundles are Hitchin pairs (E, L, θ), where L is a bundle on X and now θ ∈ H 0 (X, End(E) ⊗ L).
In the present work we study infinitesimal deformations of Higgs bundles and Hitchin pairs and give a description of the Hitchin map as a morphism of deformation theories; we use differential graded Lie algebras to analyse these deformations.
The philosophy underlying this approach, originating in the works of Quillen, Deligne, Drinfeld and Kontsevich, is that, in characteristic zero, every deformation problem is governed by a differential graded Lie algebra, via the deformation functor associated to it, given by solutions of Maurer-Cartan equation modulo gauge action. Dglas tecniques allow to preserve a lot of informations on the deformation problem, which are lost with classical methods, and some classical results can be obtained as easy consequences of definitions and formal constructions.
One of our main goals is to find out dglas that govern infinitesimal deformations of a Higgs bundle, of a pair (manifold, Higgs bundle) and of a Hitchin pair. Biswas and Ramanan in [1, 3] introduced complexes of sheaves to study these deformations: for a Higgs bundle (E, θ) the complex to be considered is 0 → End(E) −→ End(E) ⊗ Ω 3 X → . . . , where the differential is defined using the composition of endomorphisms and the wedge product of forms, and for a pair (X, (E, θ)) the complex is 0 → D 1 (E) govern infinitesimal deformations of a Higgs bundles and of a pair (manifold, Higgs bundle) defining dgla structures on the total complexes of the Dolbeault resolutions of the above complexes of sheaves. From the identification of these dglas, we are immediately able to recover and refine Biswas and Ramanan results about tangent and obstruction spaces. We prove that the spaces of first order deformations of a Higgs bundle (E, θ) and of a pair (X, (E, θ)) are naturally isomorphic to the first hypercohomology spaces respectively of the first and of the second complex of sheaves, while obstructions are contained in the second hypercohomology spaces of them (Theorem 3.4 and Corollary 3.5). For the general case of a Hitchin pair (E, L, θ), a similar result holds, substituting, in the first of the above complexes, the sheaf Ω * X with * L (Theorem 5.3).
Secondly we concentrate our attention on the study of the Hitchin map from deformations point of view. It is defined as:
H(E, θ) = (Tr(θ), . . . , Tr(θ r )), from the moduli space of Hitchin pairs on X to the space of global sections of the vector bundles k L. This map was introduced for Higgs bundles by Simpson in [18] , as a generalization of the determinant map that Hitchin studied on curves in [9] ; a version of this map for Hitchin pairs can be found in [2] .
To study the Hitchin map in terms of deformation theory, the dglas approach is not convenient and we use the more powerfull tool of L ∞ -algebras. Theory of deformations via differential graded Lie algebras and via L ∞ -algebras is based on the principle that the local study of a moduli space is encoded by a dgla or an L ∞ -algebra opportunely choosen. Then every natural morphism between moduli spaces is induced by a morphism between the associated dglas or L ∞ -algebras.
If we intend the Hitchin map as a morphism of moduli spaces, it is natural to expect it is induced by a morphism between the algebraic objects associated to them. Since the Hitchin map is not even linear, we can not expect to obtain it from a dglas morphism. In Propositions 7.6 and 7.8, we explicitate an L ∞ -morphism h that induces the Hitchin map. As a direct consequence of this L ∞ -description and of L ∞ -tecniques, in Corollary 7.9, we obtain that obstructions to deform Hitchin pairs are contained in the kernel of the map induced at second cohomology level by the linear part of h. It is defined on the second hypercohomology space of the complex of sheaves 0 → End(E)
where the differential is the multiplication by θ ∈ H 0 (X, End(E) ⊗ L), defined using the composition of endomorphisms and the wedge product on forms and on L. Taking the Dolbeault resolution, this map associates to every element ω ⊗ f ∈ A 0,1
The paper is organized as follows. In the first section, we introduce some basic definitions of dglas theory, that we use in all the paper and in the second section to analyse deeply deformations of a complex manifold and of its holomorphic forms. The third section is devoted to deformations of Higgs bundles and of pairs (manifold, Higgs bundle), with the statements of our main results: the identification of dglas that govern these deformations and the description of the tangent and obstruction spaces. These results are proved in all details in section 4. In the next section, we study deformations of Hitchin pairs, using the same tecniques and obtaining similar results. In the sixth section, we introduce some basic definitions and tools of L ∞ -algebras theory, that are essential to the study of the Hitchin map, we do in the last section. There we give a deformation theoretic interpretation of the Hitchin map obtaining it from an L ∞ -morphism and we deduce a condition on obstructions of Hitchin pairs.
Deformation theory via dglas
In this section we introduce some tools of deformation theory via differential graded Lie algebras: we give the basic definitions and we analyse classical examples. The main references we follow are [12, 13] .
, for every a, b and c homogeneous.
be two dglas, a morphism of dglas φ : L → M is a degree zero linear morphism that commutes with the brackets and the differentials.
We now introduce some usefull examples of differential graded Lie algebras.
be a dgla, then the tensor product A⊗ C L has a natural structure of dgla by setting:
for all a, b ∈ A and x, y ∈ L.
linear map, which satisfies the graded Leibniz's rule:
Der(L, L) with the above differential and bracket is a sub-dgla of Hom(L, L).
Example 1.5. Let X be a compact complex manifold, let T X be the holomorphic tangent bundle of X, let A p,q X (T X ) = A p,q X ⊗ O X T X be the sheaf of (p, q)-forms of X with values on the tangent bundle. The Kodaira-Spencer dgla of X is
the space of the global sections of the sheaf of (0, i)-forms of X with values on the tangent bundle T X . The dgla structure on KS X is given as follows. The differential on KS X is the Dolbeault differential and the bracket is defined in local coordinates, z 1 , . . . , z n , extending the standard bracket on A 0,0 X (T X ) bilinearly with respect to the sheaf of the antiholomorphic differential forms:
Example 1.6. Let X be a complex manifold, let E be a locally free sheaf of O X -modules on X and End(E) the sheaf of endomorphisms of E. We indicate with Dif f 1 (E) the sheaf of differential operators of degree ≤ 1 on sections of E and with D 1 (E) ⊂ Dif f 1 (E) the subsheaf of operators with scalar principal symbol σ, defined by the following exact sequence of sheaves:
Consider the graded vector spaces:
dgla-structures are defined on them taking the following differential and bracket:
for all ω, η ∈ A 0, * X and P, Q ∈ D 1 (E), the symbol l indicates the Lie derivative (Section 2). Note that, if P, Q ∈ End(E), their symbol is zero and we obtain the classical dgla structure on A 0, * X (End(E)) and that, if P, Q ∈ A 0, * X (T X ), we recover the dgla structure of Example 1.5, thus we have the exact sequence of dglas:
The differential graded Lie algebras approach to deformation theory is based on the following definition of the deformation functor associated to a dgla. We indicate with Art C the category whose objects are local Artinian C-algebras and whose arrows are local morphisms of C-algebras and with Set the category of sets. Definition 1.7. Let L be a dgla, the deformation functor associated to L is the functor Def L : Art C → Set, given for all A ∈ Art C , by:
where:
and the gauge action is the action of exp(L 0 ⊗ m A ) on MC L (A), given by:
It is evident that a morphism of dglas f : L → M induces a natural transformation of functors MC(f ) : MC L → MC M . It is compatible with the gauge action and induces a natural transformation of deformation functors Def(f ) : Def L → Def M . Remark 1.8. Let L be a dgla and Def L the deformation functor associated to L. It can be proved that the tangent space to Def L is the first cohomology space of L, H 1 (L), and that obstructions are naturally contained in H 2 (L). It is a classical calculation to observe that, if f : L → M is a morphism of dglas, then the linear maps Let X be a geometric object, for example a manifold or a sheaf, and let Def X be the functor of infinitesimal deformations of X , i.e. the functor:
that associates to every local Artinian C-algebra the set of isomorphism classes of deformations of X over it. If there exists a dgla L, such that Def X is isomorphic to the deformation functor associated to L, we say that the dgla L governs deformations of X . Let's state two well known examples of this situation: Example 1.10. Let X be a complex manifold and let KS X be the Kodaira-Spencer dgla of it. We indicate with Def X the functor of infinitesimal deformations of X and with Def KS X the deformation functor associated to the dgla KS X . The natural transformation of functors:
where l x is the holomorphic Lie derivative (Section 2), is an isomorphism. In Section 2, we will analyse in more details deformations of a complex manifold and the link with the Kodaira-Spencer dgla. In proofs of Propositions 4.1 and 4.2, we will relate the principal steps in the construction of Φ. For a complete study of it, its construction and the proof that it is an isomorphism, see [11] . Example 1.11. Let X be a complex manifold, let E be a locally free sheaf of O Xmodules on X and let A 0, * X (D 1 (E)) be the dgla of the (0, * )-forms with values in the first order differential operators with scalar principal symbol. We indicate with Def (X,E) the functor of infinitesimal deformations of the pair (X, E) and with Def A 
is an isomorphism. In proofs of Propositions 4.1 and 4.2, we will relate the principal steps in the construction of it. For a complete study of Ψ see [15] , where it is defined and it is proved to be an isomorphism.
Infinitesimal deformations of holomorphic forms
In this section we analyse deformations of a complex manifold and the consequent deformations of the sheaves of holomorphic functions and of holomorphic forms. We explain the link between deformations of a complex manifold and the Kodaira-Spencer dgla of it. We mainly follow [5, 6] .
Start with a differentiable manifold X, recall that an almost complex structure on X can be seen as a subsheaf V ⊂ A 1 X of locally free A 0 X -modules, such that V ⊕ V = A 1 X . Obviously, if X is a complex manifold, the decomposition
X define an almost complex structure on X. An almost complex structure on a differentiable manifold X is called integrable if there exist a structure of complex manifold on X that induces it. An integrable almost complex structure is called a complex structure.
Frobenius and Newlander-Nirenberg's Theorems ([19, Ch. 2]) concern conditions under which an almost complex structure is integrable.
A deformation of a complex manifold X can be seen as a deformation of its complex structure, infact, by Ehresmann's Theorem ([10, Theorem 2.4], [19, Theorem 9 .3]), deformations of a complex manifold are diffeomorphic. Now we study deformations of a complex manifold from this point of view.
We start with some definitions. In general, for any vector space V and linear functional α : V → C, the contraction operator is defined as α :
it is a derivation of degree −1 of the graded algebra ( k V, ∧). The contraction of differential forms with vector fields defines an injective morphisms of sheaves
There is an other action of the sheaf A 0, * X (T X ) on the sheaf A * X as a derivation, via the holomorphic Lie derivative:
given by:
Observe that the holomorphic Lie derivative define an action of the sheaf T X on the sheaf Ω * X of the holomorphic forms on X:
, infact, for all x ∈ T X , the derivation l x of a holomorphic form gives as result a holomorphic form of the same degree. For future use, write out some properties of the holomorphic Lie derivative.
Lemma 2.1. For every ξ, η ∈ A 0, * X (T X ), the following equalities hold:
Proof. Compatibility with differentials is given using definitions and the Jacobi identity:
Compatibility with brackets is similar.
The above lemma implies that ξ ∈ A 0,1 X (T X ) satisfies the Maurer-Cartan equation if and only if∂ + l ξ is a differential. Infact
Now we are ready to study deformations of a complex manifold X. Fix ξ ∈ A 0,1
Define a deformation of almost complex structure associated to ξ:
X are the projections. NewlanderNirenberg's Theorem assures that the almost complex structure A ξ be the deformation of complex structure of X associated to ξ as before, this defines
ξ . Moreover, by definition, the sheaf of ξ-holomorphic function is
To describe how the sheaf of holomorphic differential forms change with the deformation of complex structure, we need the following:
It is an easy application of definitions, we follow [5, Lemma 11.2] .The only fact to be proved is the equality e i ξ (A 1,0
then π 1,0 (e i ξ (ω)) = π 1,0 (ω) and π 0,1 (e i ξ (ω)) = π 0,1 (ω) + ξ π 1,0 (ω). Therefore, using the above definitions, e i ξ (ω) ∈ A 1,0 ξ if and only if π 0,1 (ω) = 0. 
The second equality follows from:
where we used Lemma 2.1, the definition of the holomorphic Lie derivative and the fact that ξ ∈ MC KS X (A).
Now we can describe the sheaves of ξ-holomorphic differential forms:
in general: ξ , that defines a complex manifold whose sheaf of holomorphic functions is
exactly as done by Φ in Example 1.10.
Infinitesimal deformations of Higgs bundles
This section is dedicated to the introduction of deformations of Higgs bundles and of pairs (manifold, Higgs bundle) and to the description of the results we have obtained on these problems; we will relate complete proofs in Section 4. Definition 3.1. Let X be a compact complex manifold. A Higgs bundle on X is a pair (E, θ), where E is a holomorphic vector bundle on X and θ ∈ H 0 (X, End(E) ⊗ Ω 1 X ), such that θ ∧ θ = 0. Definition 3.2. Let X be a compact complex manifold and let (E, θ) be a Higgs bundle on X. Let A be a local Artinian C-algebra. An infinitesimal deformation of (X, E, θ) over A is the data (X A , E A , θ A ), where:
-X A is a deformation of X over A, i.e. X A is a scheme with a cartesian diagram
where π is flat, -E A is a locally free sheaf of O X A -modules on X A , flat over A, with a morphism q :
, with θ A ∧ θ A = 0 and the maps p and q transform θ A in θ on the closed point. If the deformation X A is trivial, i.e. X A ∼ = X × Spec A, the pair (E A , θ A ) is an infinitesimal deformation of the Higgs bundle (E, θ) over A. Definition 3.3. Let X be a compact complex manifold and let (E, θ) be a Higgs bundle on X. Let (X A , E A , θ A ) and (X ′ A , E ′ A , θ ′ A ) be two deformations of (X, E, θ) over the local Artinian C-algebra A. They are isomorphic, if there exists a couple (φ, ψ), where:
A is an isomorphism of sheaves of O X A -modules, where the structure
A . Two deformations of the Higgs bundle (E, θ) are said to be isomorphic, if there exists a couple of isomorphisms (φ, ψ) as above, with φ = Id X×Spec A .
The above definitions lead to introduce two deformation functors:
that associates to every local Artinian C-algebra A the set Def (X,E,θ) (A) of isomorphism classes of deformations of (X, E, θ) over A and
that associates to every local Artinian C-algebra A the set Def (E,θ) (A) of isomorphism classes of deformations of the Higgs bundle (E, θ) over A.
Our main goal is to study these deformation functors finding out dglas that govern them. Fix a Higgs bundle (E, θ) on a complex manifold X, consider the graded vector space
we define a dgla structure on it, taking as bracket
and as differential
for all ω, η ∈ A * , * X and P, Q ∈ D 1 (E), this structure is a modification of the one defined in Example 1.6. Consider now the sub graded vector spaces of it:
define on them structures of dglas as sub dglas of A * , * X (D 1 (E)), noting that they are closed under differential and bracket. By definition, they enter in the following exact sequence of dglas:
Our main result is to prove that the dgla L governs infinitesimal deformations of (X, E, θ), as a consequence, we obtain that the dgla N governs infinitesimal deformations of (E, θ). To prove these statements, in Propositions 4.1 and 4.2, we will construct a natural transformation of deformation functors
and, in Propositions 4.6 and 4.8, we will prove it is an isomorphism. Note that, the dg vector space L is the total complex of the Dolbeault resolution of the complex of sheaves
. . , where differentials are defined using the brackets of the dgla L. Then, as easy consequence of dglas tecniques, we obtain a description of tangent and obstruction spaces for the functor Def (X,E,θ) . Summing up, we have the following Theorem 3.4. The dgla L governs infinitesimal deformations of (X, E, θ). In particular the space of first order deformations of (X, E, θ) is canonically isomorphic to the first hypercohomology space of the complex of sheaves K and obstructions are contained in the second hypercohomology space of it.
Our construction of the transformation Φ L : Def L → Def (X,E,θ) will restrict to an isomorphism of deformation functors
since the dg vector space N is the total complex of the Dolbeault resolution of the complex of sheaves
. . , dglas theory gives results on tangent and ostruction spaces for Def (E,θ) . We have the following:
Corollary 3.5. The dgla N governs infinitesimal deformations of the Higgs bundle (E, θ). In particular the space of first order deformations of (E, θ) is canonically isomorphic to the first hypercohomology space of the complex of sheaves K ′ and obstructions are contained in the second hypercohomology space of it.
Infinitesimal deformations of Higgs bundles were studied by Biswas. In 
Proof of Theorem 3.4
This section is devoted to the proofs of our results stated in Section 3. Let (E, θ) be a Higgs bundle on a complex manifold X, let L and N be the dglas introduced in the previous section; we prove that the dgla L governs infinitesimal deformations of (X, E, θ) and, as a particular case, we obtain that N governs deformations of (E, θ).
given, for A ∈ Art C and for (x, y) ∈ MC L (A), by the isomorphism class of the deformation (X A (σ(x)), E A (x), θ A (y)), where:
, where i is the contraction, Proof. We have to verify that, (X A (σ(x)), E A (x), θ A (y)) defined above is a deformation of (X, E, θ) over A.
The element x satisfies the Maurer-Cartan equation in the dgla A 0, * X (D 1 (E)), then, by Remark 1.9, it is locally gauge equivalent to zero, i.e. there exist an open covering U = {U β } α of X and elements a α ∈ A 0,0
such that e aα * x| Uα = 0 and, taking the principal symbol, e σ(aα) * σ(x)| Uα = 0. As we will explicitly compute in proof of Proposition 4.2, it follows from definition of gauge action that e aα :
while from the first one we deduce that E A (x) is Aflat and that E A (x) ⊗ A C ∼ = E. Moreover, the composition e σ(aα) • e aα :
It remains to prove that θ A (y) is a section in
Consider the A 0,1 
that is the action of the differential∂ + x on the element θ + y, then
We claim that the last equation is equivalent to the condition that θ A (y) is a section in
Since the deformations of E, Ω 1 X and E ⊗ Ω 1 X involved are locally trivial, they preserve the ranks, thus the two sheaves in (2) have the same rank and coincide.
To obtain the equation θ A (y)∧θ A (y) = 0, consider the A 0,0 X (End(E)⊗Ω 2 X )-component of the Maurer-Cartan equation for the element (x, y):
where we used that θ ∧ θ = 0. By Lemma 2.3, e i σ(x) : A * X → A * X is an isomorphism of graded algebras, then the above equality assures that θ A (y) ∧ θ A (y) = 0.
Proof. Let (x, y), (x ′ , y ′ ) ∈ MC L (A) be gauge equivalent and let a ∈ A 0,0
From the gauge action, we will obtain that∂ + e σ(a) * l σ(x) = e σ(a) • (∂ + l σ(x) ) • e −σ(a) , and in particular e σ(a) gives an isomorphism between O A (σ(x)) = ker(∂ + l σ(x) ) and O A (σ(x ′ )) = ker(∂ + e σ(a) * l σ(x) ). Infact:
Making calculation on the gauge relation e a * x = x ′ , we obtain that∂ + e a * x = e a • (∂ + x) • e −a and in particular e a is an isomorphism between E A (x) = ker(∂ + x) and E A (x ′ ) = ker(∂ + x ′ ). Infact:
Moreover e a is an isomorphism of sheaves of O X A -modules, where the structure of sheaf of O X A -modules on E ′ A is the one induced by the isomorphism e σ(a i ) . It remains to prove that the isomorphisms (e σ(a) , e a ) map θ A (y) in θ A (y ′ ). Consider the A 0,0
Thus, composing with the isomorphisms given by the contractions, we obtain:
and the following diagram commutes:
This explicitly gives the required correspondence between θ A (y) and θ A (y ′ ) via the isomorphisms (e σ(a) , e a ).
Now we want to prove that the natural transformation Φ L is an isomorphism of deformation functors. For the injectivity we need the following Lemmas, in which we use the above notations. 
, that specialize to identity }, for all A ∈ Art C . Then the restriction morphism F → G is surjective.
Proof. The proof is essentially the same as in [11, Lemma II.7.2] ; it is sufficient to substitute the Kodaira-Spencer dgla with the dgla A 0, * X (End(E)). 
, that is equivalent to the gauge equation e a * y = y ′ , as we done in (4). Putting together the two gauge equations, we obtain that e a * (x, y) = (x ′ , y ′ ).
Let's now prove the sujectivity of the transformation Φ L . At first we need to recall the following facts. → Def (X,E) defined in Example 1.11 is well defined on deformation functors and, by Lemma 4.5, it is injective. It is classically known that first order deformations of the pair (X, E) are identified with the space H 1 (X, D 1 (E)) and that obstructions to deformations are contained in H 2 (X, D 1 (E)). On the other hand, as stated in Remark 1.8, dglas tecniques assure that the same is true for the functor Def A 0, *
It is quite easy to prove that the natural transformation Ψ :
induces an isomorphism on tangent spaces and an injective morphism on obstructions, then, by [12, Proposition 2.17], Ψ is smooth and surjective. See [15] for all details.
Proof. Let (X A , E A , θ A ) be a deformation of (X, E, θ) over A. By surjectivity of Ψ :
X (End(E)) ⊗ A, and prove that the couple (x, y) satisfies the Maurer-Cartan equation in the dgla L. Infact the A 0,2
Summing up, the natural transformation Φ L : Def L → Def (X,E,θ) is an isomorphism of deformation functors and the dgla L governs infinitesimal deformations of (X, E, θ).
Consider now the natural transformation:
that is the same as the transformation Φ L in the semplified case in which differential operators are substituted by endomorphisms. Our calculation for Φ L assures that Φ N is an isomorphism and the dgla N governs infinitesimal deformations of (E, θ).
Infinitesimal deformations of Hitchin pairs
In this section we define Hitchin pairs and study their deformations, following results of Section 4. Our aim is to identify a dgla that governs these deformations and obtain a description of tangent and obstruction spaces.
Definition 5.1. Let X be a compact complex manifold and let L be a vector bundle on X. A Hitchin pair on X consists of a holomorphic vector bundle E on X and a section
X , we recover the definition of Higgs bundles. There is an obvious definition of infinitesimal deformation of a Hitchin pair (E, L, θ) over a local Artinian C-algebra A: it is the data of a deformation E A of the vector bundle E over A, with a section θ A ∈ H 0 (X × Spec A, End(E A ) ⊗ L ⊗ A), that deforms θ over A, as in Definition 3.2. Observe that in deformations we are interested in X and L deform trivially. As in Definition 3.3, there is an obvious notion of isomorphism of deformations of a Hitchin pair.
This leads to introduce the functor of deformations of the Hitchin pair (E, L, θ):
which associates to every local Artinian C-algebra A the set of isomorphism classes of deformations of (E, L, θ) over A. Fix now a Hitchin pair (E, L, θ) on X; the tensor product End(E)⊗ * L has a natural structure of Lie algebra on C:
if we define on it the differential:
we obtain a dgla-structure on End(E)⊗ * L. Consider now the tensor product of the dg algebra A 0, * X of differential forms on X with the dgla End(E) ⊗ * L; following Example 1.3, it can be endowed with a dgla structure. Denote by M this dgla, explicitly:
the differential and the brackets are:
Remark 5.2. It is easy to verify that the dgla structure on A 0, * X (End(E) ⊗ Ω * X ) defined in Section 3 is the same as the dgla structure one can obtain substituting in the above definitions the vector bundle L with the shaef of holomorphic 1-forms Ω 1 X . But observe that the above construction can not be used to define a dgla structure on A 0, *
Taking into account our constructions and calculations of Section 4, consider the natural transformation:
defined as transformation Φ L of Proposition 4.1, for the case in which differential operators are simply endomorphisms and L replaces Ω X . Our calculations on Φ L assures that Φ M is an isomorphism. Note that the dg vector space M is the total complex of the Dolbeault resolution of the complex of sheaves
where differentials are defined using brackets of the dgla M ; dglas theory gives a description of tangent and ostruction spaces of Def (E,L,θ) . Summing up, we have proved the following Theorem 5.3. The dgla M governs infinitesimal deformations of the Hitchin pair (E, L, θ). In particular the space of first order deformations of (E, L, θ) is canonically isomorphic to the first hypercohomology space of the complex of sheaves C and obstructions are contained in the second hypercohomology space of it.
L ∞ -algebras in deformation theory
In this section we recall some basic aspects of L ∞ -algebras theory and its link with deformation theory. We mainly follow [13] . Example 6.3. Let V be a Z-graded vector space over K. The tensor coalgebra generated by V is defined to be the graded vector space
endowed with the associative coproduct
The reduced tensor coalgebra generated by V is the sub-coalgebra
Let I be the homogeneous ideal of T (V ) generated by
The symmetric coalgebra generated by V is defined as the quotient
where S(k, n − k) indicates the set of permutations of n elements, such that σ(i) < σ(i + 1), for all i = k, and ǫ(σ) = ±1 is the sign determined by the relation in n V : For future use, a graded coalgebra (C, ∆) is called nilpotent, if ∆ n = 0 for n >> 0. It is locally nilpotent, if it is the direct limit of nilpotent graded coalgebras or equivalently if C = ∪ n ker ∆ n . The reduced tensor coalgebra and the reduced symmetric coalgebra generated by a Z-graded vector space are locally nilpotent.
Proposition 6.4. Let V be a graded vector space and let (C, ∆) be a locally nilpotent cocommutative graded coalgebra. The composition with the projection p : S(V ) → V defines a bijective map:
with inverse given by
Proof. See [13] , Propositions VIII.18 and VIII.26.
Proposition 6.5. Let V be a graded vector space and let (C, ∆) be a locally nilpotent cocommutative graded coalgebra. The composition with the projection p : S(V ) → V defines a bijective map:
Proof. See [13] , Proposition VIII.33.
Remark 6.6. Observe that, if C = S(V ), for q = k q k ∈ Hom n (S(V ), V ) and v 1 ⊙ . . . ⊙ v n ∈ S(V ), formula (7) gives:
Definition 6.7. Let V be a graded vector space, an L ∞ -structure on V is a sequence of linear maps of degree 1
such that the coderivation Q induced on the reduced symmetric coalgebra S(V [1] ) by the homomorphism q = k q k as in formula (8), is a codifferential. An L ∞ -algebra is indicated with (V, q i ) and the morphisms q i are called the brackets of the L ∞ -algebra.
Infact, L is a graded vector space and it can be verified that the brackets:
Definition 6.9. Let (V, q i ) and (W,q i ) be two L ∞ -algebras, a morphism f ∞ : (V, q i ) → (W,q 1 ) of L ∞ -algebras is a sequence of linear maps of degree 0
such that the morphism of coalgebras induced on the reduced symmetric coalgebras by f = k f k , commutes with the codifferentials induced by the two L ∞ -structures of V and W , i.e., with above notations,
To verify that f ∞ is an L ∞ -morphism it is sufficient to verify that
Remark 6.10. Let (V, q i ) be an L ∞ -algebra, the condition Q•Q = 0 on the coderivation induced on the reduced simmetric coalgebra by the brackets q i implies that
and it induces linear maps in cohomology
We are now ready to define a deformation functor associated to an L ∞ -algebra.
from the moduli space M X,L,r of Hitchin pairs on X of rank r with fixed L, to the space of global sections of the vector bundles k L.
Remark 7.2. Other definitions of the Hitchin map can be found in litterature. It can be defined fixing an arbitrary base of the space of polynomial function on r × r matrices invariant under conjugation. All the obtained maps are linked by an automorphism of the codomain and they can be considered equivalent for our studies.
Let now describe the Hitchin map at infinitesimal level. Fix the Hitchin pair (E, L, θ) on the compact complex manifold X, the Hitchin map on infinitesimal deformations of (E, L, θ) over A ∈ Art C is given by:
it associates to every deformation (E A , θ A ) ∈ Def (E,L,θ) (A) the sections (Tr(θ A ), . . . , Tr(θ r A )), which deform sections (Tr(θ), . . . , Tr(θ r )) along the trivial deformations of L over A. In Theorem 5.3, we identify a dgla that controls deformations of the Hitchin pair (E, L, θ):
On the other hand it is easy to verify that the functor of deformations of the sections (Tr(θ), . . . , Tr(θ r )) along trivial deformations of L is isomorphic to the deformation functor associated to the abelian dgla
Taking into account these dglas interpretations of the functors involved, our aim is to obtain the Hitchin map as the map induced at the level of deformation functors from an L ∞ -morphism: (10) h :
For n ≥ 1 and k ∈ {1, . . . , r}, define the linear degree zero maps: the trace of the t · t 1 · · · t n−1 coefficient is exactly the left term in formula (11) and Lemma 7.5, applied with A = θ + t 1 f 1 + . . . + t n−1 f n−1 and B = f , assures it is zero.
As immediate consequence of the above proposition, we have the L ∞ -morphism (10) we are looking for: To identify the natural transformation induced on deformation functors by the L ∞ -morphism h with the Hitchin map, we need the following: Lemma 7.7. With the above notations, for all k ∈ {1, . . . , r}, we have:
for all y ∈ A 0,0
Proof. It is the polarization formula and follows from an easy calculation. then the image of (E A , θ A ) via the Hitchin map is the deformation of (Tr(θ k )) k=1...r given by the element Def(h)(x, y).
The above deformation theoretic interpretation of the Hitchin map leads to the following description of obstructions to deform Hitchin pairs.
